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In the ﬁrst part of this paper we present a linear theory of thermoelastic bodies
with microstructure and microtemperatures which permits the transmission of heat as
thermal waves at ﬁnite speed. The theory is based on the entropy balance postulated
by Green and Naghdi [A.E. Green, P.M. Naghdi, A re-examination of the basic postulates
of thermomechanics, Proc. R. Soc. London A 432 (1991) 171–194]. We consider bodies
with microstructure whose microelements can stretch and contract independently of their
translations. Then we establish existence and uniqueness results in the context of the
dynamic theory.
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1. Introduction
The linear theory of thermoelastic bodies with microstructure has been intensively studied. An account of the historical
development of the subject as well as references to various contributions may be found in the works by Nowacki [1],
Eringen [2], Dyszlewicz [3] and Ies¸an [4].
On the basis of the theory of bodies with inner structure, Grot [5] established a theory of thermodynamics of elastic
bodies with microstructure whose microelements possess microtemperatures. The Clausius–Duhem inequality is modiﬁed
to include microtemperatures, and the ﬁrst-order moment of the energy equations are added to the usual balance laws of
a continuum with microstructure. In [6], Riha presented a study of heat conduction in materials with microtemperatures.
Experimental data for the silicone rubber containing spherical aluminium particles and for human blood were found to
conform closely to predicted theoretical thermal conductivity. The theory of thermoelasticity with microtemperatures has
been investigated in various papers (see, e.g., [7–9] and references therein).
In the last years the problem of propagation of thermal waves at ﬁnite speed has received considerable attention. In
[10–12], Green and Naghdi presented a treatment of thermomechanical theory of deformable media which differs from the
usual one and, in particular, makes use an entropy balance. A theory of thermoelastic bodies based on the new procedure
has been presented in [11]. The linearized theory of thermoelasticity presented in [11] does not sustain energy dissipation
and permits the transmission of heat as thermal waves at ﬁnite speed. Moreover, the heat ﬂux vector is determined by the
same potential function that determines the stress.
Eringen ([2], and references therein) introduced a class of solids with microstructure called microstretch solids. The
material particles of these materials have seven degree of freedom: three displacements, three microrotations and one mi-
crostretch. We note that if we neglect the microrotation vector ﬁeld then the linear equations which describe the behaviour
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D. Ies¸an, R. Quintanilla / J. Math. Anal. Appl. 354 (2009) 12–23 13of a microstretch elastic body coincide with the equations of an elastic material with voids established by Cowin and Nun-
ziato [13]. The theory of microstretch continua is an adequate tool to describe the behaviour of porous materials.
In the ﬁrst part of this paper we establish a thermomechanical theory of bodies with microtemperatures by using the
classical laws of mechanics of bodies with inner structure and the entropy balance proposed by Green and Naghdi [11].
A theory of heat ﬂow in a continua with microtemperatures based on the theory of Green and Naghdi has been pre-
sented in [14]. The present paper is concerned with the simplest thermomechanical theory of elastic bodies that takes into
account the microtemperatures and the inner structure of the material. We consider bodies with microstructure whose mi-
croelements can stretch and contract independently of their translations. The theory introduces one mechanical degree of
freedom over the classical theory. The linearized theory presented in this paper, in contrast to that developed in [7], permits
the transmission of heat as thermal waves at ﬁnite speed. The use of entropy balance proposed by Green and Naghdi [11]
leads to a natural way to introduce the microtemperatures.
In the second part of this paper we present some qualitative results in the context of the dynamic theory. First, we derive
a uniqueness theorem and an existence result. Then we consider a special case of the theory in which the contraction of
the microelements is absent. In this case we present a more general uniqueness theorem and discuss the instability.
2. Basic equations
In this paper we establish a linear theory of porous elastic bodies with microtemperatures by using the theory of con-
tinua with inner structure [2,5] and the entropy balance postulated in [10].
We consider a body that at some instant occupies the region B of the euclidean three-dimensional space and is bounded
by the piecewise smooth surface ∂B . The motion of the body is referred to a ﬁxed system of rectangular cartesian axes Oxi
(i = 1,2,3). We denote by n the outward unit normal of ∂B . Boldface characters stand for tensors of an order p  1, and if
v has the order p, we write vij...s (p subscripts) for the components of v in the cartesian coordinate frame. We shall employ
the usual summation and differentiation conventions: Latin subscripts are understood to range over the integers (1,2,3),
summation over repeated subscripts is implied and subscripts preceded by a comma denote partial differentiation with
respect to the corresponding cartesian coordinate. In what follows we use a superposed dot to denote partial differentiation
with respect to the time t .
Let u be a displacement vector ﬁeld over B . The balance of linear momentum can be written in the form
t ji, j + ρ f i = ρu¨i, (2.1)
where ti j is the stress tensor, ρ is the reference mass density, and f i is the body force.
In the mechanical theory of bodies with microstructure (see [2,5], and references therein) a generic microelement is
equipped with twelve degrees of freedom: three displacements, ui , and nine components of the microdeformation ten-
sor, ϕi j . Let mijk be the ﬁrst stress moment tensor. We consider a special class of bodies with inner structure characterized
by the fact that the microdeformation tensor has the form ϕi j = ϕδi j , where δi j is the Kronecker delta. In this case
mijk = πiδ jk/3 and the balance of ﬁrst stress moments reduces to
π j, j − σ + ρ = J ϕ¨, (2.2)
where σ is the internal body force which will be deﬁned by a constitutive relation,  is the external microstretch body load,
and J is a prescribed inertia coeﬃcient. Moreover, this balance law implies that ti j = t ji . The surface traction ti and the
microstretch function g at regular points of ∂B are given by
ti = t jin j, g = π jn j . (2.3)
With each point X ′ of a generic microelement ω we associate the following variables: ρ ′-mass density; η′-entropy
density per unit mass of microelement; S ′j-entropy ﬂux vector; s
′-external rate of supply of entropy per unit mass of ω;
ξ ′-internal rate of production of entropy per unit mass of ω; θ ′-the absolute temperature. The heat ﬂux vector associated
with the microelement is given by q′i = θ ′S ′i , and the external rate of supply of heat per unit mass is deﬁned by r′ = θ ′s′.
Following [10–12] we postulate, for each microelement, the local balance of entropy
ρ ′η˙′ = div S ′ + ρ ′(s′ + ξ ′). (2.4)
By using (2.3) and the method to derive the general balance laws of micromorphic continua of grade 1 [15, p. 42] we obtain
the following local balance of entropy
ρη˙ = S j, j + ρ(s + ξ), (2.5)
and the balance of ﬁrst moment of entropy
ρη˙ j = Λkj,k + S j − H j + ρ(Q j + ξ j). (2.6)
Here we have used the notations: η is the entropy per unit mass of the body; Sk is the entropy ﬂux vector; s is the external
rate of supply of entropy per unit mass; ξ is the internal rate of production of entropy per unit mass; η j is the ﬁrst entropy
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the external rate of supply of entropy and ξ j is the ﬁrst moment of the internal rate of production of entropy. The entropy
ﬂux Σ and the ﬁrst entropy moment ﬂux vector σ j at regular points of ∂B are given by
Σ = S jn j, σk = Λ jkn j . (2.7)
Let X be the center of mass of a generic microelement ω in the reference conﬁguration. We assume that the absolute
temperature θ ′ has the form
θ ′(X ′, t) = θ(X, t) + T j(X, t)
(
X ′j − X j
)
. (2.8)
The functions T j are called microtemperatures.
Following [2,10–12] and [15], we postulate an energy balance in the form∫
P
(ρu¨i u˙i + J ϕ¨ϕ˙ + ρe˙)dV =
∫
P
ρ( f i u˙i + ϕ˙ + sθ + Q jT j)dV +
∫
∂ P
(ti u˙i + gϕ˙ + Σθ + σ j T j)dA, (2.9)
for every part of B and every time. In (2.9), e is the internal energy per unit mass. By using (2.3), (2.7), the divergence
theorem, and Eqs. (2.1), (2.2), (2.5) and (2.6), from (2.9) we obtain the local form of energy balance
ρe˙ = ti j e˙i j + π jϕ˙, j + σ ϕ˙ + ρη˙θ + ρη˙ j T j + S jθ, j + Λkj T j,k + (H j − S j)T j − ρξθ − ρξ j T j, (2.10)
where
ei j = 12 (ui, j + u j,i). (2.11)
We introduce the free energy ψ deﬁned by
ψ = e − θη − T jη j . (2.12)
The energy equation (2.10) can be expressed as
ρ(ψ˙ + ηθ˙ + η j T˙ j) = ti j e˙i j + π jϕ˙, j + σ ϕ˙ + S jθ, j + Λkj T j,k + (H j − S j)T j − ρξθ − ρξ j T j . (2.13)
We introduce the notations
q j = S jθ, q ji = Λ jiθ. (2.14)
The heat ﬂux q and the heat ﬂux moment vector Λi at regular points of ∂B are given by
q = q jn j, Λi = q jin j, (2.15)
respectively.
3. Thermoelastic continua
Following [10], we introduce the thermal displacements α and βi by
α˙ = θ, β˙ j = T j . (3.1)
We require constitutive equations for ψ , ti j , π j , σ , η, η j , Si , Λ jk , H j , ξ and ξ j , and assume that these are functions of the
variables Π = (ei j,ϕ,ϕ, j, θ, T j,α, j, βi, j). For simplicity, we suppress explicit dependence of X j and regard the material be
homogeneous. Introduction of constitutive equations of the form
ψ = ψ̂(Π), ti j = t̂i j(Π), πi = π̂i(Π), σ = σ̂ (Π),
η = η̂(Π), η j = η̂ j(Π), S j = Ŝ j(Π), . . . , ξ j = ξ̂ j(Π),
into the energy equation (2.13), yields
ρ
(
∂ψ
∂θ
+ η
)
θ˙ + ρ
(
∂ψ
∂Ti
+ ηi
)
T˙ i +
(
ρ
∂ψ
∂ei j
− ti j
)
e˙i j +
(
ρ
∂ψ
∂ϕ, j
− π j
)
ϕ˙, j +
(
ρ
∂ψ
∂ϕ
− σ
)
ϕ˙
+
(
ρ
∂ψ
∂α,i
− Si
)
α˙,i +
(
ρ
∂ψ
∂βi, j
− Λ ji
)
β˙i, j + ρξθ + (ρξ j + S j − H j)T j = 0. (3.2)
In the theory of Green and Naghdi [10,12] the energy equation (3.2) must be satisﬁed identically for all processes and will
place restrictions on the constitutive functions. From (3.2) we obtain
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∂ei j
, π j = ∂U
∂ϕ, j
, σ = ∂U
∂ϕ
, ρη = −∂U
∂θ
,
ρη j = − ∂U
∂T j
, S j = ∂U
∂α, j
, Λi j = ∂U
∂β j,i
; (3.3)
and
ρξθ + (ρξ j + S j − H j)T j = 0, (3.4)
where U = ρψ̂ . From (3.4) we conclude that the function ξ vanishes whenever the microtemperatures vanish
ξ̂ = 0 for T j = 0. (3.5)
As in [11], we assume that there exists the reference time t0 such that
θ(X, t0) = T0, T j(X, t0) = T 0j , α(X, t0) = α0, β j(X, t0) = β0j ,
where T0, T 0k , α0 and β
0
j are constants. We denote
T = θ − T0, θi = Ti − T 0i , χ =
t∫
t0
T dt, τi =
t∫
t0
θi dt. (3.6)
We have
α = χ + T0(t − t0) + α0, β j = τ j + T 0j (t − t0) + β0j ;
and
α, j = χ, j, β j,i = τ j,i, χ˙ = T , τ˙ j = θ j . (3.7)
In what follows we restrict our attention to the linear theory. We assume that ui = εu′i , ϕ = εϕ′ , T = εT ′ and θ j = εθ ′j ,
where ε is a constant small enough for squares and higher powers to be neglected, and u′i , ϕ
′ , T ′ and θ ′j are independent
of ε. In the development of the linear theory we assume that U is a quadratic function of the variables ei j , ϕ , ϕ, j , T , θ j , χ, j
and τ j,k , and that H j , ξ and ξk are linear functions of the same variables. Thus, in the linear theory of materials possessing
a center of symmetry, we have
2U = Cijrsei jers + Aijϕ,iϕ, j + 2bijei jϕ + ζϕ2 − aT 2 − Bijθiθ j + Kijχ,iχ, j + Dijrsτi, jτr,s − 2Cijθiχ, j
− 2Li j T τi, j − 2βi jei j T + 2Eijrsei jτr,s − 2κϕT + 2Fijϕτi, j − 2dijϕ,iθ j + 2Hijϕ,iχ, j, (3.8)
where the constitutive coeﬃcients have the following symmetries
Cijrs = C jirs = Crsi j, Aij = A ji, bij = b ji, Bij = B ji,
Kij = K ji, Dijrs = Drsi j, aij = a ji, Eijrs = E jirs. (3.9)
It follows from (3.3), (3.8) and (3.9) that
ti j = Cijrsers + bijϕ − βi j T + Eijrsτr,s,
πi = Aijϕ, j − dijθ j + Hijχ, j,
σ = bijei j + ζϕ − κT + Fijτi, j,
ρη = βi jei j + aT + κϕ + Li jτi, j,
ρηi = d jiϕ, j + Bijθ j + Cijγ, j,
Si = H jiϕ, j − C jiθ j + Kijχ, j,
Λi j = Ersjiers + F jiϕ − L ji T + D jirsτr,s. (3.10)
On the basis of (3.5) we ﬁnd that, in the linear theory of bodies with a center of symmetry, we have ξ = 0. Since (3.4) must
be satisﬁed for all processes, we conclude that in the linear theory we have
ρξ j + S j − H j = 0. (3.11)
Thus, Eqs. (2.5) and (2.6) reduce to
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The basic equations of the linear theory consist of the equations of motion (2.1) and (2.2), the energy equations (3.11)
and (3.12), the constitutive equations (3.10), and the geometrical equations (2.11). These equations furnish the following
system of partial differential equations for the unknown functions ui , ϕ , χ and τ j
Ci jrsur,sj + bijϕ, j − βi jχ˙, j + Eijrsτr,sj + ρ f i = ρu¨i,
Aijϕ,i j − dij τ˙ j,i + Hijχ,i j − bijui, j − ζϕ + κχ˙ − Fijτi, j + ρ = J ϕ¨,
Kijχ,i j + Hijϕ,i j − Mij τ˙i, j − βi j u˙i, j − aχ¨ − κϕ˙ = −ρs,
Ersi jur,sj + Fijϕ, j − Mijχ˙, j + Dijrsτr,sj − d jiϕ˙, j − Bij τ¨ j = −ρQ i, (3.13)
where Mij = Cij + Li j . To these equations we must adjoin initial conditions and boundary conditions. The initial conditions
are
ui(X,0) = u0i (X), u˙i(X,0) = v0i (X), ϕ(X,0) = ϕ0(X),
ϕ˙(X,0) = w0(X), χ(X,0) = χ0(X), χ˙ (X,0) = χ1(X),
τi(X,0) = τ 0i (X), τ˙i(X,0) = ν0i (X), X ∈ B, (3.14)
where u0i , v
0
i , ϕ
0, w0, χ0, χ1, τ 0i and ν
0
i are prescribed functions. In the case of Dirichlet problem the boundary conditions
are
ui = u˜i, ϕ = ϕ˜, χ = χ˜ , τi = τ˜i on ∂B × I, (3.15)
where u˜i , ϕ˜ , χ˜ and τ˜i are given, and I = (0,∞). In the case of Neumann problem the boundary conditions are
t jin j = t˜i, π jn j = π˜ , S jn j = S˜, Λ jin j = Λ˜i on ∂B × I, (3.16)
where t˜i , π˜ , S˜ and Λ˜i are prescribed functions.
We assume that: (i) f i , , s and Q j are continuous on B ×[0,∞); (ii) ρ and J are prescribed positive constants; (iii) the
constitutive constants satisfy the symmetry relations (3.9); (iv) u˜i , ϕ˜ , χ˜ and τ˜i are continuous on ∂B × I; (v) t˜i , π˜ , S˜ and
Λ˜i are piecewise regular on ∂B × I.
Let M and N be non-negative integers. We say that F is of class CM,N on B × I if F is continuous on B × I and the
functions
∂m
∂xi∂x j . . . ∂xp
(
∂n F
∂tn
)
, m ∈ {0,1,2, . . . ,M}, n ∈ {0,1,2, . . . ,N}, m + nmax{M,N},
exist and are continuous on B × I. We write CM for CM,M . By an admissible process p = {ui,ϕ,χ, τi, ei j, ti j,πi, σ ,
η,ηi, Si,Λi j} we mean an ordered array of functions ui,ϕ,χ, τi, ei j, ti j,πi, σ ,η,ηi, Si and Λi j deﬁned on B × [0,∞) with
the following properties: (i) ui,ϕ,χ, τi ∈ C2; ei j, σ ∈ C0; ti j,πi, S j,Λ ji ∈ C1,0; η,ηi ∈ C0,1 on B × I; (ii) ui , u˙i , u¨i , ϕ , ϕ˙ , ϕ¨ ,
ϕi, j , χ , χ˙ , χ¨ , τi , τ˙i , τ¨i , ei j , χ,i , τi, j , ti j , t ji, j , πi , π j, j , S j , S j, j , Λkj , Λkj,k , η, η˙, ηi and η˙i are continuous on B × [0,∞). By
a solution of the Dirichlet problem we mean an admissible process which satisﬁes Eqs. (2.1), (2.2), (3.10)–(3.12), (2.11) on
B × I , the boundary conditions (3.15) and the initial conditions (3.14).
If the material is isotropic, then the constitutive equations become
ti j = λerrδi j + 2μei j + bϕδi j − βT δi j + ε1τr,rδi j + 2ε2(τi, j + τ j,i),
πi = a0ϕ,i − dθi + Aχ,i,
σ = berr + ζϕ − κT + Dτr,r,
ρη = βerr + aT + κϕ + Lτs,s,
ρηi = dϕ,i + Bθi + Cχ,i,
Si = Aϕ,i − Cθi + Kχ,i,
Λi j = ε1errδi j + 2ε2ei j + Dϕδi j − Lδi j T + d1τr,rδi j + d2τ j,i + d3τi, j, (3.17)
where δi j is the Kronecker’s delta. In this case Eqs. (3.13) take the form
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a0Δϕ − bur,r − ζϕ + κχ˙ + AΔχ + Dτr,r − dτ˙ j, j + ρ = J ϕ¨,
KΔχ + AΔϕ − βu˙r,r − κϕ˙ − aχ¨ − Mτ˙ j, j = −ρs,
d2Δτi + (d1 + d3)τ j, ji + ε2Δui + (ε1 + ε2)u j, ji + Dϕ,i − dϕ˙,i − Mχ˙,i − Bτ¨i = −ρQ i, (3.18)
where M = L + C . We note that this theory permits propagation of heat as thermal waves at ﬁnite speed.
A theory of thermoelastic bodies with microstructure and microtemperatures based on the Clausius–Duhem inequality
was presented in [16].
4. Uniqueness theorem
In this section we establish a uniqueness result for the boundary–initial-value problems considered in Section 3.
We introduce the notation
2Γ = Cijrsei jers + Aijϕ,iϕ, j + ζϕ2 + 2bijϕei j + 2Hijϕ,iχ, j + 2Fijϕτi, j
+ 2Eijrsei jτr,s + Kijχ,iχ, j + Dijrsτi, jτr,s. (4.1)
Theorem 4.1. Assume that
(i) ρ , J and a are strictly positive;
(ii) the symmetry relations (3.9) hold;
(iii) Γ is a positive semideﬁnite quadratic form;
(iv) Bij is a positive deﬁnite tensor.
Then, the boundary–initial-value problems have at most one solution.
Proof. In view of (3.9), (3.10) and (4.1) we obtain
ti j e˙i j + πiϕ˙,i + σ ϕ˙ + ρη˙χ˙ + ρη˙i τ˙i + Siχ˙,i + Λ ji τ˙i, j = 12
∂
∂t
(
aχ˙2 + Bij τ˙i τ˙ j + 2Γ
)
. (4.2)
On the other hand, by (2.11), (2.1), (2.2) and (3.12) we ﬁnd that
ti j e˙i j + πiϕ˙,i + σ ϕ˙ + ρη˙χ˙ + ρη˙i τ˙i + Siχ˙,i + Λ ji τ˙i, j
= (t ji u˙i + π jϕ˙ + S jχ˙ + Λ ji τ˙i), j + ρ( f i u˙i + ϕ˙ + sχ˙ + Q i τ˙i) − ρu¨i u˙i − J ϕ¨ϕ˙. (4.3)
From (4.2) and (4.3) we get
1
2
∂
∂t
(
ρ u˙2 + J ϕ˙2 + aχ˙2 + Bij τ˙i τ˙ j + 2Γ
)= (t ji u˙i + π jϕ˙ + S jχ˙ + Λ ji τ˙i), j + ρ( f i u˙i + ϕ˙ + sχ˙ + Q i τ˙i). (4.4)
Let us introduce the function E deﬁned on I by
E = 1
2
∫
B
(
ρ u˙2 + J ϕ˙2 + aχ˙2 + Bij τ˙i τ˙ j + 2Γ
)
dv. (4.5)
If we integrate the relation (4.4) over B and use the divergence theorem, then we obtain
E˙ =
∫
B
ρ( f i u˙i + ϕ˙ + sχ˙ + Q i τ˙i)dv +
∫
∂B
(t ji u˙i + π jϕ˙ + S jχ˙ + Λ ji τ˙i)n j da. (4.6)
Let p∗ = {u∗i ,ϕ∗,χ∗, τ ∗i , e∗i j, t∗i j,π∗i , σ ∗, η∗, η∗i , S∗i ,Λ∗ji} be the difference between two solutions. Then p∗ corresponds to
vanishing body loads and satisﬁes
u∗i (X,0) = 0, u˙∗i (X,0) = 0, ϕ∗(X,0) = 0, ϕ˙∗(X,0) = 0, χ∗(X,0) = 0,
χ˙∗(X,0) = 0, τ ∗i (X,0) = 0, τ˙ ∗i (X,0) = 0, X ∈ B, (4.7)
and (
t∗ji u˙
∗
i + π∗j ϕ˙∗ + S∗j χ˙∗ + Λ∗ji τ˙ ∗i
)
n j = 0 on ∂B × I. (4.8)
By (4.7)
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and (4.7) and (4.9) yield
E∗(0) = 0, (4.10)
where E∗ is the functional (4.5) associated to the process p∗ .
In view of (4.5), (4.8) and (4.10) we ﬁnd that
E∗(t) = 0, t  0. (4.11)
By hypothesis, E∗ is the sum of some positive functions. In particular, we must have∫
B
[
ρu˙∗i u˙
∗
i + J (ϕ˙∗)2 + a(χ˙∗)2 + Bij τ˙ ∗i τ˙ ∗j
]
dv = 0.
Since ρ > 0, J > 0, a > 0, and Bij is a positive deﬁnite tensor, it follows that
u˙∗i = 0, ϕ˙∗ = 0, χ˙∗ = 0, τ˙ ∗i = 0, on B × I. (4.12)
It follows from (4.7) and (4.12) that u∗i = 0, ϕ∗ = 0, χ∗ = 0, τ ∗i = 0 on B × I , and the proof is complete. 
5. Existence of solutions
The aim of this section is to obtain an existence and continuous dependence result for the initial-boundary-value problem
characterized by the system (3.13), the initial conditions (3.14) and the null Dirichlet boundary data
ui = ϕ = χ = τi = 0 on ∂B × I. (5.1)
It is worth recalling that, in the absence of microtemperatures, several results of this kind have been obtained for various
thermoelastic theories [17,18].
In this section we assume that the hypothesis (i), (ii) and (iv) of Theorem 4.1 hold. Moreover, we suppose that
(iii′) the function Γ deﬁned by (4.1) is positive deﬁnite.
To obtain our existence theorem we transform the problem into an ordinary differential equation in a suitable Hilbert
space. We denote by H the Hilbert space[
W 1,20
]3 × [L2]3 × W 1,20 × L2 × W 1,20 × L2 × [W 1,20 ]3 × [L2]3,
where W 1,20 , L
2 are the well-known Hilbert spaces. In this space, we consider the inner product〈
(ui, vi,ϕ,ω,χ,η, τi, νi),
(
u∗i , v
∗
i ,ϕ
∗,ω∗,χ∗, η∗, τ ∗i , ν
∗
i
)〉= I1 + I2, (5.2)
where
I1 = 1
2
∫
B
(
ρvi v
∗
i + Jωω∗ + aηη∗ + Bijνiν∗i
)
dv,
I2 = 1
2
∫
B
2W (U ,U∗)dv,
and
U = (ui,ϕ,χ, τi), U∗ =
(
u∗i ,ϕ
∗,χ∗, τ ∗i
)
,
2W (U ,U∗) = Cijrsei je∗rs + Aijϕ,iϕ∗, j + ζϕϕ∗ + bij
(
ϕe∗i j + ϕ∗ei j
)
+ Hij
(
ϕ,iχ
∗
, j + ϕ∗,iχ, j
)+ Fij(ϕτ ∗i, j + ϕ∗τi, j)
+ Eijrs
(
ei jτ
∗
r,s + e∗i jτr,s
)+ Kijχ,iχ∗, j + Dijrsτi, jτ ∗r,s. (5.3)
In view of the assumptions made in this section we see that this inner product is equivalent to the usual one in the space H.
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Aiu= ρ−1Cijrsur,sj, Biϕ = ρ−1bijϕ, j, Ciη = −ρ−1βi jη, j, Diτ = ρ−1Eijrsτr,sj,
Eϕ = J−1Aijϕ,i j − J−1ζϕ, Fν = − J−1dijν j,i, Gχ = J−1Hijχ,i j, Hu= − J−1bijui, j,
Lη = J−1κη, Mτ = − J−1Fijτi, j, Nχ = a−1Kijχ,i j, Pϕ = a−1Hijϕ,i j,
Q ν = −a−1Mijνi, j, Rv= −a−1βi j vi, j, Sω = −a−1κω, Vhu= Vhi Ersi jur,sj,
Whϕ = Vhi Fi jϕ, j, Xhη = −VhiMijη, j, Yhτ = Vhi Drsi jτr,sj, Zhω = −Vhid jiω, j,
where Vhi is deﬁned by Vhi Bi j = δhj . If we consider the matrix operator
A =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 I 0 0 0 0 0 0
A 0 B 0 0 C D 0
0 0 0 I 0 0 0 0
H 0 E 0 G L M F
0 0 0 0 0 I 0 0
0 R P S N 0 0 Q
0 0 0 0 0 0 0 I
V 0 W Z 0 X Y 0
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (5.4)
where I and I are the identity operators in the respective spaces, our boundary–initial-value problem can be transformed
into the equation
dU
dt
= AU(t) + F(t), U(0) = U0, (5.5)
where
U = (ui, vi,ϕ,ω,χ,η, τi, νi), U0 =
(
u0i , v
0
i ,ϕ
0,ω0,χ0,χ1, τ
0
i , ν
0
i
)
, F = (0, f i,0, J−1ρ,0, s,0, Q i).
It is worth noting that(
W1,20 ∩W2,2
)×W1,20 × (W 1,20 ∩ W 2,2)× W 1,20 × (W 1,20 ∩ W 2,2)× W 1,20 × (W1,20 ∩W2,2)×W1,20
is a dense subset which is contained in the domain of the operator A.
Now, we use the theory of semigroups of linear operators to obtain the existence of solution of the problem (5.5).
Lemma 5.1. Assume that the hypotheses (i), (ii), (iii′) and (iv) hold. Then the operator A satisﬁes
〈AU ,U〉 = 0, (5.6)
for any U in the domain of A.
Proof. Let U in the domain of A. Using the divergence theorem and the boundary conditions, we ﬁnd that
〈AU ,U〉 = −
∫
B
(t ji vi, j + φ jω, j + S jη, j + Λ jiνi, j)dv
+
∫
B
W
(
(ui,ϕ,χ, τi), (vi,ω,η,νi)
)
dv = 0.
Thus, the proof is complete. 
Lemma 5.2. Assume that the hypotheses (i), (ii), (iii′) and (iv) hold. Then 0 belongs to the resolvent set of A.
Proof. Let U∗ = (u∗i , v∗i ,ϕ∗,ω∗,χ∗, η∗, τ ∗i , ν∗i ) in H. We must show that the equation
AU = U∗
has a solution U ∈ D(A). From the deﬁnition of the operator A we obtain the system
v= u∗,
Au+ Bϕ + Cη +Dτ = v∗,
ω = ϕ∗,
Hu+ Eϕ + Gχ + Lη + Mτ + Fν = ω∗,
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Rv+ Pϕ + Sω + Nχ + Q ν = η∗,
ν = τ ∗,
Vu+Wϕ + Zω + Xη + Yτ = ν∗. (5.7)
By substituting the ﬁrst, third, ﬁfth and seventh equations into the others we obtain
Au+ Bϕ +Dτ = v∗ − Cχ∗,
Hu+ Eϕ + Gχ + Mτ = ω∗ − Lχ∗ − Fτ ∗,
Pϕ + Nχ = η∗ − Ru∗ − Sϕ∗ − Q τ ∗,
Vu+Wϕ + Yτ = ν∗ − Zϕ∗ − Xχ∗. (5.8)
To study this system with the unknowns (u,ϕ,χ,τ ), we introduce the bilinear form
R[(u,ϕ,χ,τ ), (̂u, ϕ̂, χ̂ , τ̂ )]= 〈(u˘, ϕ˘, χ˘ , τ˘ ), (̂u, ϕ̂, χ̂ , τ̂ )〉L2 ,
where
u˘= Au+ Bϕ +Dτ , ϕ˘ = Hu+ Eϕ + Gχ + Mτ ,
χ˘ = Pϕ + Nχ, τ˘ = Vu+Wϕ + Yτ . (5.9)
From the divergence theorem we see that R is a bounded bilinear form on W 1,20 . On the other hand
R[(u,ϕ,χ,τ ), (u,ϕ,χ,τ )]= ∫
B
2Γ dv, (5.10)
where Γ was deﬁned by (4.1). In view of hypothesis (iii′) this implies that R is a coercive bilinear form. It is easy to check
that v∗ − Cχ∗ , ω∗ − Lχ∗ − Fτ ∗ , η∗ − Ru∗ − Sϕ∗ − Q τ ∗ and ν∗ − Zϕ∗ − Xχ∗ belongs to W−1,2. Hence the Lax–Milgram
theorem implies the existence of (u,ϕ,χ,τ ) which solve the system (5.8) and then we can conclude the existence of
solutions to the system (5.7). 
The previous lemmas and the use of the Lumer–Phillips corollary to the Hille–Yosida theorems allow us to derive the
following theorem.
Theorem 5.1. Assume that the hypotheses (i), (ii), (iii′) and (iv) hold. Then the operator A generates a semigroup of contractions in H.
It is worth remarking that this theorem implies that the dynamical system proposed in this paper is stable in the sense
of Lyapunov.
Theorem 5.2. Assume that the conditions (i), (ii), (iii′) and (iv) hold, f i, , s, Q i ∈ C1([0,∞), L2) ∩ C0[0,∞),W 1,20 ) and that the
initial data U0 belongs to the domain of the operator A. Then, there exists a unique solution U(t) ∈ C1([0,∞),H)which is the solution
to the problem (5.5).
Since the solutions are deﬁned by means of a semigroup of contractions, we have the estimate
∣∣U(t)∣∣H  |U0|H +
( t∫
0
∥∥( f i, , s, Q i)∥∥L2 ds
)
.
This inequality gives the continuous dependence of the solutions with respect to initial data and body loads. Thus, under
the assumptions (i), (ii), (iii′) and (iv) the problem of the thermoelasticity with inner structure and microtemperatures with
Dirichlet boundary data is well posed.
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In this section we consider a special case of the theory, in which the stretch and contraction of microelements is ne-
glected. In this case the behavior of the body is governed by the following system
Cijrsur,sj − βi jχ˙, j + Eijrsτr,sj + ρ f i = ρu¨i,
Kijχ,i j − Mij τ˙i, j − βi j u˙i, j − aχ¨ = −ρs,
Ersi jur,sj − Mijχ˙, j + Dijrsτr,sj − Bij τ¨ j = −ρQ i . (6.1)
Our aim is to obtain a uniqueness theorem and an instability result when no assumption is placed on the function Γ . In
this section we continue to assume that the data has properties (i), (ii) and (iv) of Section 4, but in the place of (iii) of
Section 4 assume that
(v) Kij is a positive semideﬁnite tensor.
The results we prove here are natural extensions of the ones obtained in [19].
Theorem 6.1. Assume that the conditions (i), (ii), (iv) and (v) hold. Then the initial-boundary-value problem characterized by sys-
tem (6.1), null boundary data and initial data (3.14) has at most one solution.
Proof. To prove the uniqueness of solutions it is suﬃcient to prove that the only solution which satisﬁes the system (6.1)
with null initial data and null boundary data is the null solution. In this situation the analysis starts by considering the
function
F (t) = 1
2
∫
B
(ρuiui + Bijτiτ j + KijΦ,iΦ, j)dv, (6.2)
where
Φ(t) =
t∫
0
χ(s)ds.
We have
F˙ (t) =
∫
B
(ρui u˙i + Bijτi τ˙ j + KijΦ,iχ, j)dv,
and
F¨ (t) =
∫
B
(ρui u¨i + Bijτi τ¨ j + KijΦ,iη, j)dv +
∫
B
(ρu˙i u˙i + Bij τ˙i τ˙ j + Kijχ,iχ, j)dv.
As we assumed null initial data, the energy equation can be written as
E(t) = 1
2
∫
B
(
ρ u˙2 + aχ˙2 + Bij τ˙i τ˙ j + 2Γ ∗
)
dv = E(0) = 0, (6.3)
where
2Γ ∗ = Cijrsei jers + 2Eijrsei jτr,s + Kijχ,iχ, j + Dijrsτi, jτr,s. (6.4)
We also obtain∫
B
(ρu¨iui + Cijrsui, jur,s + Eijrsτr,sui, j)dv =
∫
B
ui, jηdv,
∫
B
(KijΦ,iη, j + aη˙η)dv = −
∫
B
(Mijτi, jη + βi jui, jη)dv,
∫
B
(Bij τ¨iτ j + Dijrsτi, jτr,s + Eijrsτr,sui, j)dv =
∫
B
Mijτi, jηdv.
Upon addition,
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B
(ρu¨iui + τ¨iτ j + Cijrsui, jur,s + 2Eijrsτr,sui, j + Dijrsτi, jτr,s)dv = −
∫
B
(KijΦ,iη, j + aη˙η)dv.
After the use of the previous equalities, it is not diﬃcult to see that
F¨ (t) = 2
∫
B
(ρu˙i u˙i + Bij τ˙i τ˙ j + Kijχ,iχ, j)dv.
In view of Hölder’s inequality, we obtain
F¨ (t)F (t) − ( F˙ (t))2  0. (6.5)
Inequality (6.5) is well known in the study of uniqueness. From (6.5) we obtain the estimate (see [20, p. 17])
F (t)
[
F (0)
]1−t/t1[F (t1)]t/t1 , 0 t  t1.
We immediately deduce that ui = τi = 0. Now χ satisﬁes the wave equation with homogeneous initial and boundary
conditions. Thus χ = 0 and this yields the desired result. 
It is possible to adapt this analysis to obtain an instability result. In what follows, in place of (v) we assume that
(v′) Kij is a positive deﬁnite tensor.
Now the energy equation (6.3) also holds, but E(0) is different from zero. If we integrate with respect the time the
homogenous version of the second equation in (6.1), we obtain
KijΦ,i j − Mijτi, j − βi jui, j − aχ˙ = −Mijτi, j(0) − βi jui, j(0) − aχ˙ (0). (6.6)
Let Q be a function that vanishes on the boundary and satisﬁes the equation
Kij Q ,i j = Mijτi, j(0) + βi jui, j(0) + aη(0).
Eq. (6.6) can be written as
KijΨ,i j − Mijτi, j − βi jui, j − aχ˙ = 0,
where Ψ = Φ + Q . If we deﬁne the function
Fζ,t0 (t) =
1
2
∫
B
(ρuiui + Bijτiτ j + KijΨ,iΨ, j)dv + ζ(t + t0)2, (6.7)
then we can adapt the arguments proposed previously to obtain
Fζ,t0 (t) F¨ζ,t0 (t) −
(
F˙ζ,t0 (t)
)2 −2Fζ,t0 (t)(ζ + 2E(0)).
Thus, we have the following result.
Theorem 6.2. Assume that the conditions (i), (ii), (iv), (v′) hold. Let P = (ui, ξ, τi) be a solution that corresponds to vanishing
body loads, null boundary data and initial data. If (a) E(0) < 0; or (b) E(0) = 0 and F˙ζ,t0 > 0; or (c) E(0) > 0 and F˙ζ,t0(0) >
2[2E(0)Fζ,t0 ]1/2 , then the functional Fζ,t0(t) at P becomes exponentially unbounded.
Proof. The proof follows from the results of [21, pp. 373–385], and so, only brief details are sketched. For the case (a), we
select ζ = −2E(0) > 0. Thus a quadrature implies
Fζ,t0 (t) Fζ,t0 (0)exp
(
F˙ζ,t0(0)t
Fζ,t0(0)
)
, t  0.
We can always take t0 large enough to guarantee that F˙ζ,t0 (0) is positive and then (a) follows. The case (b) follows imme-
diately by taking ζ = 0. Finally, the case (c) follows from the calculations of Knops and Payne (see [21, Eq. (3.6.14)]). 
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